Introduction
The mass transfer problem was initially studied by Monge (1781) in the framework of descriptive geometry. His work was pursued by Appel 2] in 1887. In 1942, Kantorovitch 7] formulated the problem in a functional space, and this approach has been adopted since.
Speci cally, let X and Y be two compact spaces endowed with respective measures and satisfying the condition 
be maximized. The primal problem (1) and the dual problem (2)-(3) are equivalent in the sense that they admit extremal optimal solutions whose objective values are equal. In this paper we show that, under restrictive assumptions on the cost function c, the objective ZZ
is constant over the set of measures de ned over the product space X Y having respective marginals and . Next we prove that a slightly modi ed converse statement holds as well.
Preliminary considerations
Throughout the paper, we will denote by P C the projection of a measure over a set C and by S the support of a measure , i.e., the set of points p of its domain such that is not the zero measure on any neighborhood of the point p. The Kantorovitch problem, or primal problem, is de ned as of a feasible measure 0 is equal to we say that 0 is optimal. Kantorovitch 7] has shown that the set of optimal measures is nonempty. Now let r and s be continuous real functions over the sets X and Y , respectively. The dual problem of (5) Dubuc and Tanguay 4 ] have proved that the set of optimal dual solutions is nonempty.
3 Characterizing an optimal partition
The following theorem, due to ??, provides a criterion for checking the optimality of a cost partition. the measure 0 is primal-optimal. Notice that dual solutions are, at best, unique up to an additive constant. Indeed, whenever (r(x); s(y)) is an optimal partition, so is (r(x) + c; s(y) + c), for any number c. In the previous example, we exhibited two dual solutions, (x; ?y) and (0; 0), whose di erence is nonconstant. 4 The case of decomposable costs This section includes the paper's main results. We rst show that if the cost function c is decomposable, i.e., can be represented as the sum of two continuous functions de ned on X and Y , respectively: c(x; y) = f(x) + g(y) 8(x; y) 2 X Y; then every feasible measure is optimal. Next we prove that a modi ed form of the reverse statement to hold.
Theorem 2 If the cost function c is decomposable, then the primal objective
function is constant over the set of primal-feasible measures.
Proof Let be a measure with respective marginals and . We write: 
From the relationships (8) and (9) we conclude that r 0 (x) + s 0 (y) = c(x; y) 8(x; y) 2 S 0 : For any points x 0 and y 0 in S and S , respectively, we have that (x 0 ; y 0 ) 2 S 0 and there follows: r 0 (x 0 ) + s 0 (y 0 ) = c(x 0 ; y 0 ); from which we infer that c has to be constant on S S , as required. 
